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Semantics

denotational, operational

Syntax Domain



Example 1: Regular Expressions (not in the paper)

denotational, operational
—

RExp,! P(A)

le,f ERExpy i=ac A|0|1l|e-f|le+f]|e



Example 1: Regular Expressions (denotational)

For L1, Ly C A* define

def
L1-L2:e{Wl-W2|W1€L1,W2€/_2}

L+ L% LUl

CEJL={w o wo | n>0,weL,1<i<n)
n>0
where [0 % e} and L+ 0,

The standard interpretation is given by the unique homomorphism

de : (REXpA7 dacA, 07 17 Yy +7 *) — (P(A*)a {a}a€A7 @7 {8}7 y +7 *)



Example 1: Regular Expressions (operational)
Define

E:RExpy — 2 D, : RExpy — RExpy, a€ A

as follows:
E(b) &0, be A D.(b) E[a=b], be A
E(0) =0 D,(0) €0
E(1) 1 Dy(1) = 0
E(e-f) & E(e) - E(f) Da(e-f) & D,(e) - £+ E(e) - Da(f)
E(e+f) £ E(e) + E(f) Ds(e + f) € Du(e) + Ds(f)
E(e") &1 Di(e*) & D, (e) - *

The language interpretation is given by the unique homomorphism

p: (REXpA7 E? (Da)aeA) - (P(A*), & (5a)a€A)2'

e(L)=[e€l], 0a(L)y={w|a-wel}, acA



Example 1: Regular Expressions

We have established

op : (RExpa, E, (Da)aca) = (P(A%), €, (da)aca)
de: (REXpA7 dacA, 07 17 St *) — (P(A*)a {a}a€A7 ®7 {5}, St *)

Some questions:
> Is the equality op = de given?
> Are op and de also homomorphisms of the respective other
type?
> In general, how can we ensure such properties?



Main idea

To derive an adequate semantics:

Relate syntax and semantics by a distributive law.



Example 1: Regular Expressions

Let X, B : Set — Set satisfy
YX=A+1+1+X>+X24+X BX=X"x2.
Then one observes

(RExpa, a2e4.0,1, -+, ) :initial X-algebra
(P(A").2.(04)aca) : final B-coalgebra.

We defined morphisms and obtained

YRExp, -2%8 TP(A%) RExp, --~2-- P(A*)
RExp, -~ P(A%) BRExp, 2% BP(A*)

Instead of defining above morphisms, we can deduce them from
A XB = BY.



Full picture (simple)
Let 2, B : C — C be endofunctors.

Let (uX, h) denote the initial X-algebra, and let (vB, k) denote
the final B-coalgebra.

Let A : B — BY be a natural transformation.

By initiality and finality there are unique morphisms



Full picture (simple)

One observes that
(Z(uX) B u=S5B(ux))  (Z(vB)-svB 5 B(wB))

are initial and final, respectively, along tuples of algebra and
coalgebra morphisms related by .

Thus we find
Y(uT) - v (uB)
h !
D . i s B
! k
Bop=Bde



Full picture (hard)

The picture complicates if one allows variations in the sense of

e € RExppyX i=x € X | e € RExpy.

Mathematically, we move from endofunctors to monads and
comonads.

Every endofunctor freely generates a monad and a comonad.



Freely generated monads/comonads

Let 2, B : C — C be endofunctors.

The following definitions induce a monad Ty and a comonad Dg
on C,

TsX = p(A\YX+XY) DX =v(A\Y.X x BY).

There exist equivalences
Alg(X) ~ Alg(Ty) Coalg(B) ~ Coalg(Dg)
satisfying

(uZ, h) — (Tzo,uo) (Z/B, k) — (DB].,(Sl).



Distributive laws

A distributive law between a monad (T,7n, 1) and a comonad
(D,e,9) is a natural transformation

A:TD = DT
satisfying the laws
Aonp = Dn Mip = DppoAto T
and their dual

Te=cto0 DXoApoTd =010



Distributive laws

There exist liftings Ty and D,

Coalg(D) —— Coalg(D) Alg(T) —2— Alg(T)
T T
c— T .c c—°P2 ¢
satisfying
Ta(X & Dx) = TX Y9 DTX

D\(TX & x) = TDx P> Dx.

In fact, liftings of T to Coalg(D), liftings of D to Alg(T), and
distributive laws coincide.



Bialgebras
A \-bialgebra is an object with both a T-algebra and a
D-coalgebra structure

(TX = X = DX),

satisfying
TX —T% & TDXx

Ax
h DTX -

Dh

X —k .+ px

There exist the following equivalences of categories

Alg(Ty) ~ Bialg()\) ~ Coalg(D,).



Bialgebras

There are free-forgetful adjunctions F* 4 U* and Uy - Gy

Bialg(\
6 ialg()) o

U A
Alg(T) > F Coalg(D)

where

G (TX B x) = (TDx P px % p2x)
X % Dpx) = (12x ™5 Tx ™Y pTX).

FA(0 2 DO) is initial, and Gy(T1 2 1) is final.



Adequate semantics

By initiality of F(0 10p D0) and finality of G)(T1 R 1):

720 - P21 py

o Dx('11)
70 %% D1
Tx('po) 01
DT ---Pop=Pde | p24

In particular, note
TZO:MZ DB]_:I/B,

and compare above with the simpler picture before.



Example 2: GSOS

Given a finite set A, consider the following language

ec Ty X =x€eX|0]ael|elle

with operational semantics

a
e f e—f

}

aede | ellg>flle  glledgllf

Above rules generate the smallest relation R C Ty X x A x TeX
satisfying

(e,a,f) € R < 3 Proof : ——.
e>f



Example 2: GSOS

In other words, if
IX=1+AxX+XxX  BX=(PiX)"=(14+PX)"

then (T X, R) is a B-coalgebra.

Same question as before:
How do we ensure an adequate semantics?
Typically answered by:

Constraints on the format of R, such as GSOS.



Example 2: GSOS = DL (very short)

p:X(ld x

R

B) = BTy

0: Z(Tz X BTz) = BTZ

(Tx)? : Coalg(B) — Coalg(B)

A TzDB = DBTz.
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